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The Channel TV
—_—

* The channel is the link between the transmitter
and the receiver.

= Signals sent by the transmitter will usually be
corrupted by the channel.

= The corruption of the signal has some random
source.

= We use channel models that approximate real
channels.
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The Channel M

X e -Ain Y e Aout
— ¥ Channel —

The channel maps a symbol of the input alphabet to a
symbol of the output alphabet (randomly).

This mapping can be described by the probability of a

symbol at the output, given that a symbol at the input
has been transmitted.

P(Y = y|X =a)
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Channels with Discrete Output M

Binary Erasure Channel Binary Symmetric Channel
BEC BSC
X e Ap={+1,-1} X €Ay ={+1,-1}
YEAout:{'i‘l:O»_l} YGAout={+17_1}
41 1-9 +1 +1 1—c¢ 41
6
0
) ¢
-1 1_s -1 -1 1—< -1

Does the decoding algorithm of lecture 1 also
work for a BSC?
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Channels with Continuous Output m

Additive White Gaussian Noise Binary Input AWGN
AWGN BIAWGN

Gaussian noise Gaussian noise

XeA,=R Y €At =R X € Ay = {+1,-1} Y €At =R
O—N%)—’O O—P(%)—PO

1 _=)?
P(Y=ylX=12)= > e 202
V2nro?
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BIAWGN vs. BSC

1w,

A BIAWGN channel with “hard decision" becomes a BSC.

Gaussian noise

XGAin={+17_1} Y e A =R
O—P(%)—VO

1 _(=x)?
P(Y=y|X=m)=\/2_2_-e 202
To

+1 +1

y+1)2
e:P(Y>o|X=—1)=/°° L 5y
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+3
+2

+1 +1
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Channels - Summary m

= We use only binary input channels in this course.
= Channels are memoryless.
= Fully described by their transition probabilities.

= All channels satisfy a symmetry property

P(Y=ylX=z)=P = —y|X =—-x)
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Abstraction of Channels M

In the end we are only interested which binary digit
was fransmitted.

Therefore, we have to compare probabilities of
+1 or -1 conditioned on our observation.

P(X=+1]Y =y) 2 P(X = 1Y =y)
P(X =41y =3) - P(X = -1y =3) 20

P(X =41y =y) _
P(X=-1]Y =y) =

P(X = +1]Y =)

lo
TP =1y =y)

20
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Log-Likelihood Ratio TV

L(X|Y = y) = log i(é — i:;/ = ;’;
P(Y =X = +1) - P(X = +1)
Py =y[X =-1)-P(X = —1)

= P(Y =y|X =+1) 1 log P(X =+1)
P(Y =y|X = —1) P(X =-1)
A - 7 A\ J
Y Y
channel a-priori
L-value L-value
LX,intr(y) = L.\'_.f.‘h.(y) + L,\'.uprf'

Note: Ly w.(y) is a only a function of y - not of x!
We will omit the subscript X if it is clear
from the context.
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LLR of some Channels M

—s
+1 ! 5 +1 Lingr(4+1) = Lapri + oo
BEC s 0 Liur(0) = Lapm' +0
-1 1-5 -1 Lir(=1) = Lapri — 00
1—c¢ 1—¢
+1 +1 Lintr(+1) = Lapm' + log .
BSC
€
-1 1—¢ -1 Lipgr(—1) = Lapm' + log 1—ec

Note the symmetry of the channels.
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LLR of some Channels M

BIAWGN

P(Y = y|X = +1)
P(Y =y|X = -1)

i i y—1)2
Gaussian noise 1 _£,'/2—12
-

=log V2ro< - 5
X € Ay, = {+1,-1} YeAmw =R 1 ‘ei(ythlQ)i
O 2ng2

_ -1+ @+1)? 2
202 02

Len(y) = log

The L-Value of the channel is a scaled version of the
received value y.

2y
Lintr(y) = ; + Lapm'

The scaling determines the weighting between
observation and a-priori information.
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LLR Arithmetic M

1+ ﬁ tanh ( L{wu;)/2)

J

DB L{u;) = log — 25

J=1 1 — [ tanh{L{u;)/2)
i=1

J
= 2artanh (H tanh ['L(nj_‘,g-z])

i=1

Joachim Hagenauer (TU Munich)
A great advocate of LLR arithmetic.

Bute(Bm)
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Calculating with LLR M
space oo o Foow Ly anw)

or | w20+ Ov2 Lxyen(y2)
time i i
| w3 O 0y3 Lxzen(ys)
_ _ P(X1=+1|Y=g) N P(X1=+41) P(X=Q|X1 =+1)
L= =109 p e — Ty =y T R =0 TRy =y = 1)
Cog P =4 PO =X = 41) POy =y = 4
P(X1=-1) P(Y1 =wy1|X1=-1) P(Y ) =yl X1 =-1)
A\ I 7 - J
Y ' g
a-priori channel extrinsic
L-value L-value L-value
I—Xl,app(ﬂ) = I—.\'l.up:'i + LXl.r:h (y1) + LXl,emt-r(y[ll)
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Note on Notation W

For a vector y with its i'th element removed we write

E[,;] = [yI’ U1 i1 yﬂ]
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Repeat Code M

S O y1 Lx;.cn(y1)
i T2 O Y2 LXQ,ch(y2) T =Tp = I3

P(Y (1) = yp)lX1 = +1)
P(Km = 3[1]|X1 =-1)
P(Y2 =y3,Y3 = y3|Xo = +1,X3 = +1)
P(Y2 =y2,Y3 =y3|Xo =-1,X3=-1)

P(Yy = yo|Xo = +1)+|og P(Y3 = y3|X3 = +1)
P(Ya = yo| X2 = -1) P(Y3 =y3|X3=-1)

L)&'l,axir-(g[ll) = log

= log

= log

LXl,cxh-(y[ll): L_\'y_:-h(.UQ) + L_\'_—g.wh(.‘B)

I—Xl,app(ﬂ) = I—.\'l.uju'f + LX]_.(.'h (?)‘1) + LXZ.(.'h (?)‘2) + LX3.(:h (?)3)
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Single Parity-Check Code M

T @ on L)
L@ O y2  Lx,cn(y2) 21 -20-23 = +1

N e P =+1) P(vi=ylX1=+1) P =yylXi=+1)
HE =) =109 = T b = X = ) T Py = gy X = - D)
C g PO =miXy =4 PO = 1Y) = )
P(Y1 =y11X1 =-1) P(X1 = —1Y 1) = ypq))
]—Xl.rh(yl) L.\'l.u,m'i + l—Xl,emt-r(Q[l])

© ftw. 2005
)



Gallager-Lemma

Consider a sequence of m indebendem‘ binary digits in
which the i'th digit is 1 with probability P;. Then the
probability that an even number of digits are 1 is

1+, (1—2R)
2

The probability that an odd number of digits are 1 is

1IN (A -2R) 1102, (1 - 2F)
2 2
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Single Parity-Check Code M

og P(Xl = +1|X[1] =g[1])
P(X1 = -1Ypy) = ypyy)

P(X1 = _1|X[1] = Q[l]) = P(X2'X3 = _1|Z[1] = 3[1])

1 - [ign [1 - 2P(X; = —1|Y (3 = ypy))]

2
1-2P(Xy = ~1Yyy = ypy) = I] [1 - 2PN = -1¥(y = ypy))]
i#1
= [[ [1 -2P(X; = -1]Y; = y)]
i1

tanh Lxl,apri + ZXl,eztr(y[l])

— H tanh LXi,intr(yi)
i#1 2

- Lx,intr (i)
LXl,ap'ri+LX1,eztr(y[1]) =2tanh~! H tanh%”
i#1
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Single Parity-Check Code m
3610 y1 Lxyen(y1)

EYes O0vy2 Lx,.cn(y2) €1 -To-23 = +1
| w3 O 0y3 Lixzen(ys)

L(X1]Y = y) = Ly, cn(y1)+2-tanh~1 | ][ tanh Exyintr (i)

i#1

]—Xl .(‘h(yl) L.\'l .apri+ I—Xl_.e.'ri-r(ﬁ[j_])
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Calculating with LLR - Summary M

If we receive independent noisy observations
of the same binary random variable, we can
add their channel L-values.

The L-value of a binary random variable that
is the XOR of other random variables can be
calculated using the tanh-rule.

© ftw. 2005
)

11



Single Parity-Check Code
Example M

Parity-Check code x;- x;, - x3= +1
Assumption: no a-priori information (L., = Lint,)

L,.=[+150 -2.00 +2.00]

L(X1]Y = y) = Lx, en(y1)+2tanh~* | ] tanh Xz#?‘(yl)
i#1

Lopp=[+0.18 -0.94 +0.94]

Decoder output: +1 -1 +1

This is not a codeword!!!

© ftw. 2005
Single Parity-Check Code M
Sequence Probability .
I;((%zg 'HP(Yi=yi|Xi=xi)
P(X =2) oy oy POE=1)
P(ng)‘I;IP(Xi—xz|Yl—yz) P(X; = z;)
eLan) S

P(X =41y =y) =

1+ elan® — L@ Ia®

_ L)
1 e 2

P(X =-1Y =y) = =
( | v) 1+ elen() e,ch(y) 4 eLclé(y)

argmaxgcc {P(& =z|Y = g)} = argmaxgec {Z Lx;ch- Xi}
i
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Single Parity-Check Code
Sequence Probability - Example

L,=[+150 -2.00 +2.00]

Z LXi,intr . Xi
7

+1 +1 +1 +1.50
+1 -1 -1 +1.50
[-1 -1 +1 +2 .50/
-1 +1 -1 -5.50

1w,
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Summary Decoding strategies

1w,

= If the decoder uses a-priori information it is
called maximum a-posteriori (MAP) decoder.

= If the decoder uses no a-priori information it is
called maximum likelihood (ML) decoder.

= The decoder can be designed to find the most
likely symbol or the most likely sequence. This is
independent of the use of a-priori information!
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